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Abstract 



We determine and analyze maximally supersymmetric configurations in four-dimensional 
t:;^- ! gauged N = 2 supergravity, preserving eight supercharges. These models include arbitrary 
electric gaugings in the vector- and hypermultiplet sectors. We present several examples 
^ ■ of such solutions and connect some of them to vacuum solutions of flux compactifications 
in string theory. 
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1 Introduction 

It is of general interest to study four-dimensional supersymmetric string vacua and their 
low-energy effective supergravity descriptions. Firstly, in the context of flux compactifica- 
tions and gauged supergravities, one is motivated by the problem of moduli stabilization 
and the properties of string vacua in which these moduli are stabilized. For some reviews 
on the topic, see [H 121 13]. Often, one focuses on supersymmetric vacua since there is bet- 
ter control over the dynamics of the theory, though for more realistic situations, e.g. in 
accelerating cosmologies, the vacuum must break all supersymmetry. Secondly, we are mo- 
tivated to look for new versions of the AdS^/CFT^ correspondence. The recently proposed 
dualities studied in are based on AdS^ string vacua preserving 32 or 24 supersymme- 
tries. Versions of the AdS4^/CFT^ correspondence with less amount of supersymmetry are 
not yet well established (for some results on the correspondence in an = 2 setting, see 
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[3 El [7] and references therein), but are important for studying aspects of four-dimensional 
quantum gravity, and potentially also for certain condensed matter systems at criticality 
described by three-dimensional conformal field theories. 

In this paper, we consider four- dimensional N = 2 gauged supergravities, and study the 
configurations that preserve maximal supersymmetry, i.e. eight supercharges. We only 
consider electric gaugings because magnetic gaugings require in addition massive tensor 
multiplets which have not been fully constructed yet. In the ungauged case, N = 2 
models arise e.g. from Calabi-Yau compactifications of type II string theories, or K3 x 
compactifications of the heterotic string. Both models are known to have a rich dynamical 
structure with controllable quantum effects in both vector- and hypermultiplet sectors that 
are relatively well understood. Gaugings in = 2 supergravity are well studied and have 
a long history [HI |9l [TOl [Til Il2l [13] . Their analysis in terms of string compactifications with 
fluxes started in [H], and is an ongoing research topic. For a (partial) list of references, 
see dSl [m [13 [ISl [H [2DI [21] . 

In the ungauged case, a complete classification of all the supersymmetric solutions already 
exists [221 EHl 121], while there have been also solutions in the gauged case for (abelian) 
vector multiplets [25]. We extend this by taking completely general vector- and hyper- 
multiplet sectors. Since we concentrate only on the maximally supersymmetric solutions, 
we use different methods than the ones in the above references. In fact the space-time 
conditions we obtain for our solutions closely resemble other maximally supersymmetric 
solutions in different theories such as [26] . 

The plan of the paper is as follows. In section 2, we analyze the supersymmetry rules and 
derive the conditions for maximally supersymmetric vacua. The possible solutions divide in 
two classes of space-times, with zero scalar curvature and with negative scalar curvature, 
and we explicitly list all the possible outcomes. We give the lagrangian and the scalar 
potential for the obtained vacua in section 3, paying special attention to the Chern-Simons- 
like term determined by the c-tensor of the electric gauging. This term generically exists 
in = 2 supergravity and string theory compactifications and we show how it influences 
the maximally supersymmetric vacua. In section 4, we discuss explicit cases from string 
theory compactifications and general supergravity considerations that exemplify the use of 
our maximal supersymmetry conditions. We have left the definition of our conventions and 
notations for the appendices, where we also present some intermediate and final formulae 
that are important for our results. 
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2 N=2 supersymmetry rules 



We consider in this section vector multiplets, hypermultiples and the gravitational multi- 
plet, with arbitrary electric gaugings, and will mostly follow the notation of [11], except for 
some curvature conventions. For completeness, a list of conventions is given in appendix 

m 

As is well known, the vector multiplet sector is characterized by holomorphic sections 
X^{z) and F/i^{z),A = 0,1,. ..,ny, and the scalars = l,...,ny parametrize a special 
Kahler manifold with Kahler potential 

}C{z,z) = - In [z(X^(^)Fa(z) -X^(z)Fa(^))] . (2.1) 

When a prepotential exists, it is given by 2F = X^Fa. It should be homo geneous of 
second degree, and one must have that Fa{X) = dF{X)/dX^. Our general analysis does 
not assume the existence of a prepotential. 

The scalars in the hypermultiplet sector parametrize a quaternion-Kahler manifold, whose 
metric can be expressed in terms of quaternionic vielbeine. In local coordinates g"; m = 
1, 4nH, we have 

KM=^u''iq)^v^iq)'Caf5eAB , (2.2) 

where Cq,/?,^,/? = l,...,2nH and eAB,A,B = 1,2 are the antisymmetric symplectic and 
SU{2) metrics, respectively. The value of the Ricci-scalar curvature of the quaternionic 
metric is always negative and fixed in terms of Newton's coupling constant k. In units in 
which = 1, which we will use in the remainder of this paper, we have 

R{h) = -SnniuH + 2) . (2.3) 



The analysis of maximally supersymmetric configurations does not rely on the form of 
the action, only on the supersymmetry variations and the equations of motion. Neverthe- 
less, it is relevant to know what is the value of the scalar potential evaluated at such a 
configuration. We therefore turn to the properties of the Lagrangian in the next section. 

It can be seen by inspection that the maximally supersymmetric configuration^^ are purely 
bosonic, and the fermions need to be zero. This follows from the supersymmetry variations 
of the bosonic fields, which can be read off from [llj. Therefore, we can restrict ourselves 
to the supersymmetry variations of the fermions only. 

^In this paper we use interchangeably the terms maximaUy supersymmetric configurations and BPS 
configurations, meaning the field values that are invariant under all eight supercharges in the theory. 
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2.1 Gauginos 



The number of vector multiplets is denoted by ny, and in = 2 special geometry, it 
is convenient to introduce indices A = 0,1,.. .,nv and i = l,...,nv. The two fermions 
with positive chirahty in a vector multiplet are denoted by A*"^, with A = 1,2. Complex 
conjugation changes the chirality and lowers the SU{2)ii indices A, B, ... . See appendix Rl 
for more on our notations and conventions. Under gauged supersymmetry, with coupling 
constant g, the gauginos transform into 

4A^^ = iW^z^re'' + G-ir''e''''eB + gW^'^SB , (2.4) 

up to terms that are higher order in the fermions and which vanish for purely bosonic 
configurations. The supersymmetry parameters are denoted by e^. They have negative 
chirality and under complex conjugation sa = {.^^)* ^ chirality is flipped since in our con- 
ventions 75 is hermitian but purely imaginary. We explain more on the quantities in (12. 4p 
as we go along. 

A maximally supersymmetric configuration preserves the full eight supercharges, hence the 
variation of the fermions should vanish for all choices of the supersymmetry parameters. 
Since at each point in spacetime they are linearly independent, the first term on the right 
hand side of (12.41) must vanish separately from the others, 

V^z'^d,z' + gA% = 0. (2.5) 

It implies the integrability conditional 

Ft k\ = 0, (2.6) 
and complex conjugate. Here, F^^, is the full non-abehan field strength, given by 

= lid.A, - d^A,) + Ihr^A^^Al . (2.7) 

The 2* are the complex scalars of the vector multiplets, and A^ are the gauge fields (in- 
cluding the graviphoton) . These scalars parametrize a special Kahler manifold which may 
have a group of isometrics. To commute with supersymmetry, these isometrics need to be 
holomorphic, and we denote the Killing vector fields by kj>^{z). Under the isometry, the 
coordinates change according to 

6gz' = -ga^'kiiz) . (2.8) 

^We will assume in the remainder of the paper that the gauge coupling constant g 7^ 0. The case of 
g = is treated in the literature in e.g. [24]. 
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To close the gauge algebra on the scalars, the Killing vector fields must span a Lie-algebra 
with commutation relations 

[kA,k^] = fAA, (2.9) 

and structure constants /ae^ of some Lie-group G that one wishes to gauge. Not all 
holomorphic isometrics can be gauged within N = 2 supergravity. The induced change on 
the sections needs to be consistent with the symplectic structure of the theory, and this 
requires the holomorphic sections to transform as 

Fa 



5g I ^ I = -ga^ 





(2.10) 



The second term induces a Kahler transformation on the Kahler potential 

5GlCiz, z) = ga'^i^r^i^z) + f^{z)) , (2.11) 

for some holomorphic functions rA{z). The first term in (12.101) contains a constant matrix 
Ty, that acts on the sections as infinitesimal symplectic transformations. For electric gaug- 
ings, which we consider in this section, we mean, by definition, that the representation is 
of the form 

Ta={'^' °) , (2.12) 

V CA /a/ 

where /a denotes the matrix (/a)s'^ = /as^ and f\ is the transposed. The tensor CA,En = 
(cA)sn is required to be symmetric for Ta to be a symplectic generator. Moreover, there are 
some additional constraints on the ca in order for the Ta to be symplectically embedded 
within the same Lie- algebra as in (12.91) . One can easily derive them, for explicit formulae 
see [9], or (13.51) . Finally, closure of the gauge transformations on the Kahler potential 
requires that 

fcA^.rs - k^^d^TA = /asV . (2.13) 
We summarize some other important identities on vector multiplet gauging in appendix [Bl 

Magnetic gaugings allow also non-zero entries in the upper-right corner of Ta, but we will 
not consider them here. The gauged action, in particular the scalar potential, that we 
consider below is not invariant under magnetic gauge transformation. To restore this in- 
variance, one needs to introduce massive tensor multiplets, but the most general lagrangian 
with both electric and magnetic gauging is not fully understood yet (for some partial results 
see [271 [281 [291 [30]). 

Given a choice for the gauge group (I2.12p , one can reverse the order of logic and determine 
the form of the Killing vectors, and therefore the gauge transformations of the scalar fields 
z\ This analysis was done in [21], and the result is written in the appendix, see (lB.6p . 
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We now return to the BPS conditions. The second and third term in the supersymmetry 
variation of the gauginos, equation (12 ■4p . need also to vanish separately, since they multiply 
independent spinors of the same chirality. For the second term, this leads to 

= -^7*V/(ImA/'As)F5,- = , (2.14) 
where g^^ is the inverse Kahler metric with Kahler potential IC from (12.11) . and 

A^». - ("f^"] ■ (%f] ' , f,'^ e-^/^AA- , (2.15) 

with DiX^ = {di + )Ci)X^ and similarly DiF^ = {di + )Ci)F/<^. The anti-selfdual part of 
any real two-form T^,^ is denoted by T~^, and complex conjugation gives the selfdual part, 
see the appendix of 

Finally, setting the third term in the supersymmetry variation to zero leads to 

W'^^ = k\L^e^^ + ig'^f^Pla^^ = , (2.16) 

where = e'^^'^X^ (in analogy. Ma = e^^'^F/^) and are the triplet of moment maps 

si 



associated with the Killing vector fields on the quaternionic geometrjo- These Killing 
vectors are used to determine the gauge transformations of the hypermultiplet scalars under 
the gauge group. The only requirement is that the Killing equation is satisfied, i.e. they 
are isometrics on the quaternion-Kahler manifold, and they satisfy the same Lie-bracket 
as in (12. 9p . Of course, a given quaternion-Kahler manifold can allow inequivalent choices 
of Killing vectors with the same Lie-algebra. These choices lead to different models with 
different physics. One obvious choice is to set all the Killing vectors to zero, and so all 
hypermultiplet scalars remain neutral under the gauge group. The gauging then remains 
solely active on the vector multiplet scalars. 

Close inspection of (I2.16P shows that both terms are linearly independent in S'[/(2)/j space, 
hence they must vanish separately, 

klL^ = 0, PUt = ^, (2.17) 

and their complex conjugates. 



•^For the explicit relation between moment maps and Killing vectors in the quaternionic case, as well 
as other useful identities in the hypermultiplet sector, see the standard references. 
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2.2 Hyperinos 



The fields in the hypermultiplet sector comprise Ann scalars g", and 2nH positive chirality 
fermions (a and their complex conjugates (Co)* = CapC'^ with negative chirahty. Under 
N = 2 local supersymmetry, these hyperinos transform as 

S,Ca = tU^^V^q''Ye''eABCais + gN^BA , (2.18) 

again, up to terms that are of higher order in the fermions. The hyperino mass matrix 
is defined by 

N^^2Ut~klL\ (2.19) 

with as given just below fl2.16p . 

Similarly as for the gauginos, N = 2 supersymmetric configurations require the two terms 
in (I2.18P to vanish separately. Since the quaternionic vielbeine are invertible and nowhere 
vanishing, the scalars need to be covariantly constant, 

V^q^^d,q^ + gA^J,l = Q, (2.20) 

implying the integrability conditions 

FtK = ^- (2.21) 

Furthermore, there is a second condition from f l2.18p coming from the vanishing of the 
hyperino mass matrix N^. This leads to 

~klL^ = , (2.22) 

and complex conjugate. 

In the absence of hypermultiplets, i.e. when uh = 0, the N = 2 conditions from the vari- 
ations of the hyperinos disappear. However, the second condition in f l2.17p remains, with 
the moment maps .epl^ed by FI pa—fl So our formalism automatically includes 
the case uh = 0. 

^In the absence of any hypermultiplets the quantities need not vanish. Instead, they can be con- 
stants, which can be non- vanishing for gauge groups SU{2) or U{1). These constants are sometimes 
referred to as Fayet-Illiopoulos (FI) terms. See e.g. [32] for a discussion. 
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2.3 Gravitinos 



The fermions in the gravitational sector are two gravitinos of opposite chirahty ijjf^A and 
its complex conjugate = (V'^^a)*- In gauged supergravity, their supersymmetry trans- 
formation rules are (up to irrelevant higher order terms in the fermions) 

Se^t^A = V^EA + T^.i^'tABe'' + ^gSABl^.e'' . (2.23) 
Here, V ^sa is the gauged supercovariant derivative (specified below), and 

= 2^F;t~(ImArAs)L^ , Sab ^ '-{a.)ABP]^L^ ■ (2.24) 

The matrices T^^ and Sab are called the graviphoton field strength and the gravitino mass- 
matrix respectively. Notice again that for = 0, in fact even also in the absence of vector 
multiplets when ny = 0, the gravitino mass- matrix can be non- vanishing and constant. In 
the Lagrangian, which we discuss in the next section, this leads to a (negative) cosmological 
constant term. The anti-selfdual part of the graviphoton field strength T^^j satisfies the 
identity 

F;:- = zL%, + 2/^G;; , (2.25) 

with defined in (12.141) . From the vanishing of the gaugino variation, we have that 
= 0, and hence a maximally supersymmetric configuration must satisfy -F^j," = 
^L^T~^, or 

F^^, = zLV- - zL^T+ . (2.26) 

Using this, we then see that equation ( 12.22^ implies the integrability conditions (]2.2ip in 
the hypermultiplet sector. For the integrability equations in the vector multiplet sector, 
the situation is more subtle, as the Killing vectors are complex and holomorphic. Now, the 
BPS condition f l2.17p only implies that 

fciv^it = -^^iv^^t • (2.27) 

As a consequence, the integrability condition ( 12. 6 p is only guaranteed when k\L^ = (or, 
when T^i, = 0, but then all the field strengths are zero). So, for T^^ 7^ 0, a necessary 
condition for a maximally supersymmetric configuration is that k\L^ = 0. Furthermore, 
in appendix [B] we prove that 

k\L^ = ^ PaL^ = (2.28) 
where Pa is the special Kahler moment map, defined in (IB.ip . 
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Note added: In fact, we show in appendix B that P^L^ = is an identity of the theory, 
and hence the integrabihty condition is always satisfied. 

In terms of flB.51) . one sees that this condition involves both the structure constants and the 
matrix ca. Hence the integrabihty condition is satisfied for those configurations satisfying 
PaL^ = 0. The integrabihty condition might only locally be sufficient, but this fine for 
our purposes. One might however check in addition whether the covariant constancy of 
the vector multiplet scalars imposes further (global) restrictions. 

To solve the constraints from the gravitino variation, we must first specify the gauged 
supercovariant derivative on the supersymmetry parameter. It can be written as 

V^£A = {d^ - ^u;;'-fab)eA + ^A^Sa + uj^a'^Sb . (2.29) 

The conventions for the spin connection, appearing between the brackets, are specified in 
the appendix. Furthermore, there appear two other connections associated to the special 
Kahler and quaternion-Kahler manifolds. We need to compute their curvatures since they 
enter the integrabihty conditions that follow from the Killing spinor equations. The first 
one is called the gauged U{1) Kahler-connection, defined by [HI [31] 

A, = (9,/CV,,z* - a,/CV^z^) - '-gA^ir^ - f^) . (2.30) 
Under a gauge transformation, one finds that 

5GA^ = ^^a^[a^(rA-fA)] . (2.31) 

The curvature of this connection can be computed to be 

F^, = tg^jV[^zW,]Z^ - qF^^^Pa , (2.32) 

where Pa is the moment map, defined in (IB.ip . and we have used the equivariance condition 
flB.3p . For maximally supersymmetric configurations, the scalars are covariantly constant 



and hence the curvature of the Kahler connections satisfies F^^, = —gFj^j^PA. 

The second connection appearing in the gravitino supersymmetry variation is the gauged 
5*^(1) connection of the quaternion-Kahler manifold. It reads 

c^m"" = d^q'^ujuA^' + qA^^Paa'' , (2.33) 

where uJua^ is the (ungauged) 5*^(1) connection of the quaternion-Kahler manifold, whose 
curvatures are related to the three quaternionic two-forms. The effect of the gauging is to 
add the second term on the right hand side of fl2.33p . proportional to the triplet of moment 
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maps of tlie quaternionic isometries, witli Paa^ = ■^P\{cr^)A^- Tlie curvature of fl2.33p 
can tlien be computed to be 

Q.^a'' = 21]„,^^V[^g"V,]g^ + gF^^^P^A'' , (2.34) 

where fluvA^ is tlie quaternionic curvature. For fully BPS solutions, we have ^^uA^ = 

We can now investigate the integrability conditions that follow from the vanishing of the 
gravitino transformation rules fl2.23p . From the definition of the supercovariant derivative 
f l2.29p . we fincS 

[V^, V,]£a = -^i?M-"Sa6 Sa - igF^^PKEA + 2gF^^Pj,A'' s b , (2.35) 

where we have used the covariant constancy of the scalars. We remind that Pa are the 
moment maps on the special Kahler geometry, whereas Paa^ are the quaternion-Kahler 
moment maps. Alternatively, we can compute the commutator from the vanishing of the 
gravitino variations spelled out in fl2.23p . By equating this to the result of (12. 35 p . we get a 
set of constraints. Details of the calculation are given in appendix [Cl and the results can 
be summarized as follows. First of all, we find the covariant constancy of the graviphoton 
field strength!^ 

D,T+ = . (2.36) 
Secondly, we get that the quaternionic moment maps must satisfy 

^xyzpyp^ = , = L^P^ . (2.37) 

Moreover, there are cross terms between the graviphoton and the moment maps, which 
enforce the conditions 

T+P- = 0. (2.38) 

This equation separates the classification of BPS configurations in two sectors, those with 
a solution of P^ = at a particular point (or locus) in field space, and those with non- 
vanishing P^ (for at least one index x) but T^j, = 0. We will see later on that this distinction 
corresponds to zero or non-zero (and negative) cosmological constant in the spacetime. 

Another requirement that follows from the gravitino integrability conditions is 

F^Va = , (2.39) 

'"^Strictly speaking, we get the supercovariant curvatures appearing in ()2.35|) . which also contain fermion 
bihnears. Since the fermions are zero on maximally supersymmetric configurations, only the bosonic part 
of the curvatures remains. 

^Recall that T"*" and T~ are related by complex conjugation, and hence the vanishing of Z)T+ implies 
DT = 0. 
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where Pa is defined in (IB.ll) . and is real. Using f l2.26p . this is equivalent to the condition 



L^PaT^- = L^PaT+ . (2.40) 

Since anti-selfdual and selfdual tensors are linearly independent, it means that PaL^ = 
and complex conjugate (again, for T^,, ^ 0). This requirement is already imposed by the 
integrability conditions on the vector multiplet scalars, see fl2.28p . so (12.391) does not lead 
to any new constraint. 

Finally, there is the condition on the spacetime Riemann curvature. It reads 

R,,,^ = ^T+T-^^ + g'P'^P^g,^g,, - {f, ^ u) . (2.41) 

It can be checked that this leads to a vanishing Weyl tensor, implying conformal flatness. 
From the curvature, we can compute the value of the Ricci-scalar to be 

R = -Ug^P'-^P^ . (2.42) 

Hence, the classification of fully supersymmetric configurations separates into negative 
scalar curvature with P^P^ ^ 0, and zero curvature with P^ = at the supersymmetric 
point. In both of these cases there are important simplifications. 



2.3.1 Negative scalar curvature 

The case of negative scalar curvature is characterized by T^^ = and P^P^ ^ o at the 
supersymmetric point. Since the BPS conditions imply that then both T^^, and GJ^^ = (see 
equation (I2.14p ). we find that all field strengths should be zero: P^^, = 0. The gauge fields 
then are required to be pure gauge, but can still be topologically non-trivial. Furthermore, 
because of the vanishing field strengths, the integrability conditions on the scalar fields are 
satisfied, and a solution for the sections X^{z) is obtained by a gauge transformation on 
the constant (in spacetime) sections. Finally, the Riemann tensor is given by 

which shows that the space is maximally symmetric, and therefore locally AdS^. The scalar 
curvature is P = -I2g'^ P'^'P^ . 



2.3.2 Zero scalar curvature 



The class of zero curvature is characterized by configurations for which P^ = at the 
supersymmetric point. In this case, we can combine the conditions Pj^f!^ = and P^ = 
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into 



TJX 



ft 



) 



. 



The matrix appearing here is the invertible matrix of special geometry (as used in (12.151) ). 
hence we conclude that Pf = 0. The Riemann tensor is then 



From the covariant constancy of the graviphoton, condition fl2.36p . we find DpR^^^j. = 0. 
Spaces with covariantly constant Riemann tensor are called locally symmetric, and they 
are classified, see e.g. [33l |23l [26]. In our case we also have zero scalar curvature, and then 
only three spaces are possible: 

1. Minkowski space M4 {T^j, = 0) 

2. AdS2 X 52 

3. The pp-wave solution 

The explicit metrics and field strengths for the latter two cases (M4 and AdS^ are well- 
known and have vanishing field strengths) are listed in appendix [Dl 

2.4 Summary 

Let us now summarize the results. There are two different classes: negative scalar curvature 
(leading to AdSi) and zero scalar curvature solutions (leading to M4, AdS2 x S'^ or the 
pp-wave) . 

The result of our analysis is that all the conditions on the spacetime dependent part are 
explicitly solvec|l|, and the remaining conditions are purely algebraic, and depend only on 
the geometry of the special Kahler and quaternionic manifolds. The solutions to these alge- 
braic equations define the configuration space of maximally supersymmetric configurations. 
There are two separate cases: 

^This is apart from the scalar fields and Killing spinors, which are spacetime dependent. The integra- 
bility conditions that we have imposed guarantee locally the existence of a solution, although we did not 
explicitly construct it. Its construction cannot be done in closed form in full generality, but can be worked 
out in any given example |23j. 
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2.4.1 Negative scalar curvature {AdS4) 



This case is characterized by configurations for which P^P^ ^ Q at the supersymmetric 
point. The BPS conditions are 





= 




= 




= 




= 0, 



which should be satisfied at a point (or a locus) in field space. The field strengths are zero, 
^uu — 0; space-time is AdS4 with scalar curvature R = — Ylg^P^P^. 



2.4.2 Zero scalar curvature (M4, 74^5*2 x S'^ or pp— wave) 

In this case, the BPS conditions are 





= 


~klL^ = 


PaL^ 


= 


PX = . 



We remind that, when T^,^ = (Minkowski space), all field strengths are vanishing (F^^ = 
0), and the condition PaL^ = need not be satisfied. For non- vanishing T^^, the field 
strengths are given by f l2.26p , and using formula (IB. 511 the condition P^L^ = is equivalent 
to 

L^L" /An^Ms + L^L" ca.he = , (2.43) 

where we remind that Ma = e^/'^F\. Hence the existence of maximal BPS configurations 
also depends on the CA-matrix characterizing the Chern- Simons- like terms. 

Note added: In fact, we show in appendix B that PaL^ = is an identity of the theory, 
and hence can be removed from the list of BPS conditions. 
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3 Lagrangians and scalar potentials 



Since all fermions are equal to zero for N = 2 supersymmetric configurations, we can 
concentrate on the bosonic part of the Lagrangian, with action S = J d^x ^/gC It can be 
read off from [HI [H] , 

£ = lR{g) + g^jV^z'V^z^ + K.V^q'^V.q^ + {lmAfAj,)F;^^F^'''' (3.1 



V{z,z,q) 



with scalar potential 

V = g' [{g^jk^kl, + AK.klkDL^L'' + {g^^ftff - 3Z^L^)PXi's] ■ (3-2) 

The Chern-Simons-like term on the second line of (13.11) can be determined from the non 
gauge-invariance of the period matrix. From (12.151) one finds 

5gA/'as = (/nA^ATps + /ns^ATrA + cn.As) • (3.3) 

Since the last term on the right hand side is real, the topological term proportional to 
Re -A/as in the action is not gauge invariant. This is compensated by the gauge transfor- 
mation of the other terms in the second line, using the various constraints on the (symmet- 
ric) ca. In the abelian case, the only constraint is that the totally symmetrized c-tensor 
vanishes, i.e. 

CA.En + cn,As + CE,nA = . (3.4) 

This implies that for a single vector field, the Chern-Simons-like term vanishes. The 
additional constraints for nonabelian gaugings involve the structure constants [9]: 

/AE^Cr,nn + /ns'^CAjn + /ns'^CAjn + fkn^CT.,Tii + fkii^CT.,Tn = . (3.5) 



The scalar potential can be written in terms of the mass-matrices, 

V = -GS^^'Sab + \g^W'''w'AB + N^N% . (3.6) 

Since the gaugino and hyperino mass-matrices, W^^^ and respectively, vanish on = 2 
supersymmetric configurations, one sees that the scalar potential is semi-negative definite, 
and determined by the gravitino mass- matrix Sab- Even in the absence of vector and 
hypermultiplets, the gravitino mass-matrix can be non-vanishing, leading to a negative 
cosmological constant in the Lagrangian. Using (13. 2p . we find for N = 2 preserving con- 
figurations 

V = -Sg^L^L^PlP^ . (3.7) 
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In the absence of hypermultiplets, N = 2 preserving AdS4 vacua can therefore only be 
generated by non-trivial Fayet-Illiopoulos terms. 

It can be verified that maximally supersymmetric configurations also solve the equations 
of motion. To show this, one varies the lagrangian (13. ip and uses the identities (13. 4p . (13. 5 p 
and the formulas in section [2^ After a somewhat tedious but straightforward computation 
one sees that all equations of motion are indeed satisfied by the maximally supersymmetric 
configurations. 

4 Examples 

In this section we list some (string theory motivated) examples of N = 2,D = 4 theo- 
ries, leading to = 2 supersymmetric configurations. We will first mention briefly some 
already known and relatively well-understood N = 2 vacua from string theory and then 
concentrate on our two main examples in subsections 14.11 and 14.21 that exhibit best the 
different features discussed above. In the last subsection we include some supergravity 
models, not necessarily obtained from string compactifications, leading to AdS4^ vacua that 
can be of interest. 

Obtaining gauged N = 2, D = 4 supergravity seems to be important for string theory 
compactifications since it is an intermediate step between the more realistic = 1 models 
and the mathematically controllable theories. Thus in the last decade there has been much 
literature on the subject. An incomplete list of examples consists of [121 HSl UHl I2D1 EI] 
and it is straightforward to impose and solve the maximal supersymmetry constraints in 
each case. In some cases the vacua have been already discussed or must exist from general 
string theory/M-theory considerations. 

For example, it was found that the coset compactifications studied in [20] do not lead to 
N = 2 supersymmetric configurations. This can also be seen from imposing the constraints 
in section 12.41 In contrast, the compactification on K3 x T^/Z2 presented in [15] does 
exhibit N = 2 solutions with non-trivial hypermultiplet gaugings. The authors of [15] 
explicitly found N = 2 Minkowski vacua by satisfying the same susy conditions as in 
section 12.41 From our analysis, it trivially follows that also the pp-wave and the AdS2 x 
S"^ backgrounds are maximally supersymmetric. To check this, one only needs to verify 
(I2.43p . and this is satisfied due to a vanishing c-tensor and the abelian gauging in the 
hypermultiplet sector. 
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A similar example is provided by the (twisted) K3 x compactification of the heterotic 
string, recently analyzed in [21]. For abelian gaugings, one can verify that the three zero 
scalar curvature vacua are present in these models. 

We now turn to discuss the remaining models in more detail. 



4.1 M-theory compactification on SU{3) structure manifolds 



There is a very interesting model for N = 2, D = 4 supergravity with non-abelian gaug- 
ing of the vector multiplet sector and non-trivial c-tensor, arising from compactifications 
of M-theory on seven-manifolds with SU{3) structure [TH] (more precisely, they consider 
Calabi-Yau (CY) threefolds fibered over a circle). For the precise M-theory set-up, we 
refer the reader to [18]; here we only discuss the relevant data for analyzing the maximal 
supersymmetry conditions: 



the vector multiplet space can be parametrized by special coordinates, = 
U + iv^) and prepotential 



(4.1) 



with the well-known triple intersection numbers nijk that depend on the particular 
choice of the CY-manifold. This gives the Kahler potential 



log 



log Vol 



(4.2) 



where Vol denotes the volume of the compact manifold. The gauge group is non- 
abelian with structure constants 



/ae° = = U = -Ml 

and a c-tensor whose only non- vanishing components are 



k ■ 



(4.3) 



(4.4) 



The constant matrix M/ specifies the Killing vectors and moment-maps of the special 
Kahler manifold: 

ki = -Mit' , kl=Mi , (4.5) 

and 

Po = -Mifd.lC , Pi = MidjIC . (4.6) 
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Not for any choice of M/ is the Kilhng equation satisfied. As explained in [18], this is 
only the case when the relation (13 ■4p holds. This also ensures that (13 .Sp is satisfied, 
as one can easily check. 

• generally in this class of compactifications there always appear hypermultiplet scalars, 
but there is no gauging of this sector, so the Killing vectors and the moment maps 
are vanishing. 

The scalar potential in this case reduces to the simple formula 

V = --^M^M]Kuimv'v'v^ , (4.7) 
Vol 

which is positive semi-definite. 

Analyzing the susy conditions is rather straightforward. Since = 0, the only allowed 
N = 2 vacua are the ones with zero-scalar curvature. What is left for us to check are the 
conditions k\L^ = and PaL^ = 0. The latter is very easy to check and holds as an 
identity at every point in the special Kahler manifold. Also, it is equivalent to the relation 
k\L^ = which is satisfied whenever there exists a prepotential |10j. The condition 
k\L^ = eventually leads to 

^!_J = 2.^ = 0. v.. (4.8) 

The solution to the above equation that always exists is the decompactification limit when 
Vol — > oo. The other more interesting solutions depend on the explicit form of the matrix 
M. In case M- is invertible there are no further solutions to (14. 8p . On the other hand, when 
M has zero eigenvalues we can have N = 2 M-theory vacua, given by (a linear combination 
of) the corresponding zero eigenvectors of M. For the supergravity approximation to hold, 
one might require that this solution leads to a non-vanishing (and large) volume of the 
CY. Each eigenvector will correspond to a flat direction of the scalar potential, and with 
V = along these directions. The case where the full matrix M is zero corresponds to 
a completely fiat potential, the one of a standard M-theory compactification on CY x 
without gauging. 

Thus it is clear that M/ is an important object for this type of M-theory compactifications 
and we now give a few more details on its geometrical meaning |18]. In the above class of 
M-theory compactifications we have a very specific fibration of the Calabi-Yau manifold 
over the circle. It is chosen such that only the second cohomology H^^'^^CY^) is twisted 
with respect to the circle, while the third cohomology H^i^CY^) is unaffected. Thus the 
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hypermultiplet sector remains ungauged as in regular CY-^ x compactification, while the 
vector multiplets feel the twisting and are gauged. This twisting is parametrized exactly 
by the matrix M, as it determines the differential relations of the harmonic (on the CY^) 
two-forms: 

dwi = Miuj A , (4.9) 

where z is the circle coordinate. 



Let us now zoom in on the interesting case when we have nontrivial zero eigenvectors 
of M, corresponding to non-vanishing volume of the CY. For a vanishing volume, or a 
vanishing two-cycle, the effective supergravity description might break down due to ad- 
ditional massless modes appearing in string theorj|§. Therefore the really consistent and 
relevant examples for N = 2 vacua are only those when the matrix M is non-invertible 
with corresponding zero eigenvectors that give nonzero value for every v\ 



To illustrate this better, we consider a particular example, given in section 2.5 of [T8] . 
of a compactification where the CY^ is a i^3-fibration. In this setting one can explicitly 
construct an M-matrix, compatible with the intersection numbers Kj^fc. Here one can find 
many explicit cases where all of the above described scenarios happen. As a very simple 
and suggestive example we consider the 5-scalar case with H123 = —1, ^^144 = ^^155 = 2, and 
twist-matrix 



M 



/o 











o\ 





4 





-2 


-2 








-4 


2 


2 





1 


-1 










1 


-1 





J 



The general solution of M 



is 







/o\ 




/o\ 







1 




1 







1 


+ V 


1 







2 


















and the resulting volume is 



Vol = 8A (2/i2 + 2z/2 + (/i - vf) 



(4.10) 



(4.11) 



(4.12) 



which is clearly positive semi-definite. In the case when either /i or z/ vanishes we have a 
singular manifold that is still a solution to the maximal supersymmetry conditions. When 



*For a detailed analysis of the possibilities in a completely analogous case in five dimensions see [34] 
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all three coefficients (that are essentially the remaining unstabilized moduli fields) are 
non-zero, we have a completely proper solution both from supergravity and string theory 
point of view, thus providing an example of SU{3) structure compactifications with zero- 
curvature N = 2 vacua. This example can be straightforwardly generalized to a higher 
number of vector multiplets, as well as to the lower number of 4 scalars (there cannot be 
less than 4 vector multiplets in this particular case). 

It is interesting to note in passing that a special case of the general setup described above 
was already known for more than twenty years in [9] (3.21), where Ml = —2, M| = 1, and 
Ki22 = 2. It was derived purely from 4d supergravity considerations, but it now seems that 
one can embed it in string theory. 

4.2 Reduction of M-theory on Sasaki-Einsteinj 

There has been much advance in the last years in understanding Sasaki- Einstein manifolds 
and their relevance for M-theory compactifications, both from mathematical and physical 
perspective. These spaces are good candidates for examples of the AdS^/CFT^ correspon- 
dence and an explicit reduction to -D = 4 has been recently obtained in [19] . Originally the 
effective lagrangian includes magnetic gauging and a scalar-tensor multiplet, but after a 
symplectic rotation it can be formulated in the standard N = 2 formalism discussed here. 
After the dualization of the original tensor to a scalar we have the following data for the 
multiplets, needed for finding maximally supersymmetric vacua: 

• there is one vector multiplet, given by = (1, r^) and F{X) = y^X^{X^, leading 
to Fa = (|t^, |t^) and Kahler potential 

/C = - log ^(r-f)3. (4.13) 

There is no gauging in this sector, i.e. k\ = and Pa = for all i,A. This also 
means that both /as'^ and CA,sn vanish. 

• the hypermultiplet scalars are {p, cr, ^,^} (p and a are real, and ^ is complex) with 
the universal hypermultiplet metric: 

d.^ = ^dp2 + - ^(^d^^ - ^^dO)' + ^d^de . (4.14) 

We have an abelian gauging, given by (as there are no Killing vectors in the vector 
multiplet sector, we drop the tilde on the Killing vector fields in the hypermultiplet 
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sector) : 

h = 249. - - Idd , k = 249. , (4.15) 

and the moment maps, calculated in [19], are 

Po' = -4p-i/2(e + , Po' 
Pi = 0, 

We can now proceed to solving the maximal supersymmetry constraints. The conditions 
involving vector multiplet gauging are satisfied trivially, while from k^L^ = we obtain 
the conditions = = and 1 + = 0. Therefore t = i (the solution t = —i makes 
the Kahler potential ill-defined) and /C = — log 4. However, not all the moment maps at 
this vacuum can be zero simultaneously, leaving AdS4^ as the only possibility for a. N = 2 
vacuum solution. One can then see that exyzP^P^ = is satisfied, so the only remaining 
condition is P|/^ = 0. This fixes p = 4. Therefore we have stabilized all (ungauged) 
directions in moduli space: ^ = ^ = 0,r = i,p = 4. The potential is nonzero in this 
vacuum since P^ = 2, which means the only possibility for the space-time is to be AdS^ 
with vanishing field strengths. This is indeed expected since SE-j compactifications of M- 
theory lead to an = 2 74^5*4 vacuum, the one just described by us in the dimensionally 
reduced theory. 

One can verify that this vacuum is stable under deformations in the hypermultiplet sector 
of the type discussed in [351 EH] . To show this, first observe that the condition k'^L'^ = 
for u = ^ always ensures vanishing ^. Secondly, one may verify that the deformations to 
the quaternionic moment maps are proportional to ^, and hence the remaining N = 2 
conditions from section 12.4.11 are satisfied. It would be interesting to understand if this 
deformation corresponds to a perturbative one-loop correction in this particular type of 
M-theory compactification. 

4.3 Other gaugings exhibiting AdS^ vacua 

Another example of an AdS^ supersymmetric vacuum can be obtained from the universal 
hypermultiplet. In the same coordinates {p,C,,C,,cr} as used in the previous example, the 
metric is again given by (I4.14p . This space has a rotational isometry acting on ^ and C,, 
given by ki — k^ in the notation of fl4.15p . We leave the vector multiplet sector unspecified 



pi 



12 



+4 1-^ 



P 



P( = 



P^ 



12 
P 



(4.16) 
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for tlie moment, and gauge tlie rotation isometry by a linear combination of the gauge 
fields A^. This can be done by writing the Killing vector as 



for some real constant parameters a a. The quaternionic moment maps can be computed 
to be 



It can be seen that there are no points for which = 0,Vx, so this means that only 
^^5*4 N = 2 vacua are possible. To complete the example, we have to specify the vector 
multiplet space, and solve the conditions P^fi^ = and k'^L^ = 0. The latter can be 
solved as ^ = ^ = 0, and then also e^v^pvp^ = 0. The first one then reduces to a\f^ = 0. 
This condition is trivially satisfied when e.g. ny = 0- A more complicated example is 
to take the special Kahler space of the previous subsection with no gauging in the vector 
multiplet sector. There is one complex scalar r, a section = (1, r^) and a prepotential 
F = ^y X^{X^y. We then find a solution for r = i ^ , under the condition that cto 
and ai are non-vanishing real constants of opposite sign. More complicated examples with 
more vector multiplets may be constructed as well. It would be interesting to study if such 
examples can be embedded into string theory. 

A similar situation arises in the absense of hypermultiplets. As mentioned in the end of 
section \2.2\ we can have nonvanishing moment maps that can be chosen as P^ = a^S^^. 
Then we again need to satisfy the same condition aAf^ = as above, and we already 
discussed the possible solutions. 
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A Notation and conventions 



We mainly follow the notation and conventions from ^IJJ. The action is defined hj S = 
J \/\9\^- We start with the (ungauged) Lagrangian, whose Einstein-Hilbert and scalar 
derivative terms read 

£ = ^i? + g.jd^z'd^z^ + K.d^q^d^q^ . (A.l) 

We set the Newton constant = 1. As in pTl], we use a {+, — , — , — } metric signature. To 
get positive kinetic terms for the scalars, we have to choose gij and huv positive definite. 



We compute the Riemann curvature as follow^ 



where e = 1 for Riemann spaces (the quaternionic and special Kahler target spaces) and 
e = — 1 for Lorentzian spaces (space-time). The overall minus sign in the latter case is 
needed to give AdS spaces a negative scalar curvature. This gives a sphere in Euclidean 
space (with signature {+,+,+,+}) a positive scalar curvature. 

The spin connection enters in the covariant derivative 

D, = d,- i<7„, , 



The Lagrangian f lA.l|) is only supersymmetric if the Riemann curvature of the hypermulti- 
plet moduli space satisfies R{huv) = — 8n(n + 2) , where n is the number of hypermultiplets, 
so the dimension of the quaternionic manifold is 4n (in applications to the universal hy- 
permultiplet, we have n = 1 and hence R = —24). 

Our conventions for the sigma matrices follow pjj; in particular they are symmetric and 
satisfy (^a^^^Y = —(^^ab, and we have the relation 



^Note that this definition, when apphed to the Riemann curvature of the quaternionic manifold, differs 
with a factor of 2 compared with [TTJ [T^]. As a consequence, there one has i?(/i„„) = — 4n(n + 2). 
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Indices are raised and lowered, on bosonic quantities, as 



= Va , e^^VB = -V^ . (A.2) 

As mentioned in the main text, all fermions with upper SU{2)ji index have negative chi- 
rality and all fermions with lower index have positive chirality. We set 75 to be purely 
imaginary and then complex conjugation interchanges chirality. 



B Moment maps and Killing vectors on special Kahler manifolds 



In this appendix, we present some further relevant formulae that are used in the main body 
of the paper. First, we have defined the moment maps on the special Kahler manifold as 
follows. Given an isometry, with a symplectic embedding ( l2.1Up . we can define the functions 



(B.l) 



Since the Kahler potential satisfies ( 12.111) . it is easy to show that Pa is real. From this 
definition, it is easy to verify that 



A • 



(B.2) 



Hence the Pa can be called moment maps, but they are not subject to arbitrary additive 
constants. Using fl2.13p and fIB.ll) . it is now easy to prove the relation 



also called the equivariance condition. 



(B.3) 



We can obtain formulas for the moment maps in terms of the holomorphic sections. For 
this, one needs the identities 



k\d,F^ = CA,sn^" + /AE^i^n + taPe 



(B.4) 



which follow from the gauge transformations of the sections, see fl2.10p . Using the chain 
rule in (IB. II) . it is now easy to derive 



PA = e 



K. 



n vT. 



and similarly 



Ka 



HI r S 



(B.5) 



(B.6) 
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where we introduced Ma = e^^'^F^ and Hai = e^^'^{di+lCi)F\. The Kilhng vectors ( IB. 61) are 
not manifestly holomorphic. This needs not be the case because otherwise we would have 
constructed isometrics for arbitrary special Kahler manifolds, since holomorphic vector 
fields obtained from a (real) moment map solve the Killing equation. 

Note added: We now show that P^L^ = 0, following the discussion in the appendix of 
the second paper in |25j. 

We start from the consistency conditions on the symplectic embedding of the gauge trans- 
formations, equations ()B.4p . We eliminate ta using flB.l|) . and rewrite them as 

-fAu^L'' = klf^ + tPAL'' , (B.7) 
/af'^Ms + CA,r^L'' = k\hi\r + iPaM^ , (B.8) 

with hi\Y = e^/'^DiFi-. Multiplication of the first equation with and the second with 
LF and subtracting leads to 

2/Ar^i:^Ms + CA,v^L^L^ = , (B.9) 



where we have used the identity ffM^, — hi^^L^ = 0. Contracting equation fIB.SP with 
and using fIB.QP and (13.41) one finds 



PaL^ = , (B.IO) 

as announced below equation (I2.28P and (I2.43p . Contrating the first equation of flB.7l) with 
gives L^k^ff = 0. It follows from contracting with ImA/'rs//' that 

L^ki = . (B.ll) 

Here we have used the special geometry identities on the period matrix, see e.g. pH] 

//^(ImAr)AE/f = -^^7.,. (B.12) 

C Commutators of supersymmetry tranformations 

Equating (I2.23p to zero gives an expression for the supercovariant derivative V^e^ in terms 
of the matrices and Sab- Applying this operator twice gives 

V,V^5^ = - eAsD^T-^Y^'' eAB 
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B 



+ igeABT^pYlviSBcT^c o-^a 

B 

up 



- zge^'^T+Yl.SABSc ^^a 

- g^SABiSscTlpluec , + a'' a 



where we have indicated the SU{2) structure on the right side. In fl2.35p . the commutator 
does not contain a part proportional to e^B- This imphes DpT^^, = 0. Calculation of the 
commutator now gives 



+ I {T-plV" + T+Yl,P') cr^A^ec - (/i o ^) 



We equate this to fl2.35p . where we use f l2.25p and the condition fl2.14p : 
[V/,, V.]eA = -^Rpu^'labeA - igF^^PAeA + iga"" a"" F^^Ples 

= -In^u^'labeA - igFl^^P^eA - g {P^T~^ - P^'T;^,) a'^A^'eB • 

Some algebra now yields the necessary and sufficient conditions to match the terms pro- 
portional to cr^A^'- 

T-P^= 

^xyzpyp^ = , 

which give the ffist conditions of section 2.3. The other conditions are obtained by com- 
paring the parts proportional to 1a^- 



D Metrics and field strengths 

• AdS2 X ^2 

The line element, in local coordinates {t,x,6,(j)}, is 

ds' = g2 _ sin'(t)dx2 - de^ - sm\e)d(f)^) , 

where go is a real, overall constant which determines the size of both AdS2 and 5*^. 
From f l2.4ip we find the only non-vanishing components 

— 1 
2* 



-tx - ^-gosin(t)e" 



^i = -^?osin(^)e-. 
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• The pp-wave 

The hne element of a four-dimensional Cahen-Wallach space [33], in local coordinates 
{x~ , , , x^} , is given by 

ds^ = -2dx+dx- - Aijx'x^{dx~f - {dx^ , 

where Aij is a symmetric matrix. Conformal flatness requires An = A22 and A12 = 0. 
We denote An = — /i^ as An should be negative. This space is known as the pp-wave. 
From f l2.4ip we find the only non-vanishing components 

X 2 
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